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Abstract
Recently Verlinde proposed that gravity can be described as an emergent phenom-
ena arising from changes in the information associated with the positions of material
bodies. By using noncommutative geometry as a way to describe the microscopic,
microstructure of quantum spacetime, we derive modified Friedmann equation in this
setup and study the entropic force modifications to the inflationary dynamics of early
universe.
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1 Introduction
Recently, Verlinde [1] proposed an idea similar to Jacobsons thermodynamic derivation of the
Einstein equations [2], where it is argued that Newton’s law of gravitation can be understood
as an entropic force caused by information changes when a material body moves away from
the holographic screen. There are some interesting consequences arising from this argument.
One is that with the assumption of the entropic force together with the Unruh temperature
[3], Verlinde is able to derive the second law of Newton. The other is that the assumption of
the entropic force together with the holographic principle and the equipartition law of energy
leads to Newton’s law of gravitation. Consequences of Verlinde’s proposal in cosmology have
been widely studied [4,5,6]. The inflationary dynamics of a universe governed by entropic
gravity also has been studied [7].
To derive the Newton’s law from thermodynamics, Verlinde considered a system con-
sisting of two masses, one test mass m and a source mass M . One can consider a surface
Ω centered around M and lying between the two masses. One also assumes m to be at
a distance from Ω smaller with respect to its reduced Compton wavelength λm = h¯/(mc).
Verlinde then proposed that when the test particle moves in the vicinity of the holographic
screen Ω, the change in entropy is proportional to the displacement ∆x i.e.
∆SΩ = 2πkB
∆x
λm
. (1)
Number of bits of information stored in the surface of Ω is given by
N =
AΩ
l2p
(2)
where lp is the Planck length. The surface of Ω is in thermal equilibrium at the temperature
T , all bites are equally likely and the energy of Ω is equipartitioned among them i.e.
UΩ =
1
2
NkbT (3)
where UΩ is equal to the rest mass of the source Mc
2. From thermodynamical equation of
this system, a force F will arise
F∆x = T∆SΩ . (4)
From the above argument, one can reach the gravitational law of Newton i.e F = GMm/r2,
(see [1] for more details).
2 Noncommutative geometry inspired entropic correc-
tion to Newton’s law
To link this entropic interpretation of gravity with noncommutative geometry, one should
consider entropy as a tool to connect the standard description of gravity with the underlying
microstructure of a quantum spacetime. Here we use noncommutative geometry to describe
the microscopic structure of spacetime manifold. Inspired by some aspects of string theory
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and loop quantum gravity, the basic idea of noncommutative geometry is that due to exis-
tence of a fundamental minimal length (Planck or string length), the coordinate operators
also fail to commute. In this case, the fuzziness of spacetime can be expressed using the
following relation for non-commutativity of coordinate operators [8,9]
[xˆi, xˆj ] = iθij (5)
where θij is a real, antisymmetric matrix, with the dimension of length squared which de-
termines the fundamental cell discretization of spacetime manifold. As a consequence of
above relation, the notion of point in the spacetime manifold becomes obscure as there is a
fundamental uncertainty in measuring the coordinates
∆xi∆xj ≥ 1
2
|θij|. (6)
The presence of noncommutativity enforces some modifications on Verlinde assumptions
[10]. First due to uncertainty on the surface Ω, there exists a fundamental unit for entropy
change, ∆Sθ which is realized at the displacement ∆xmin. Therefore the change of entropy
is
∆SΩ = ∆Sθ(
∆x
∆xmin
) . (7)
This equation states that when the test mass m is a distance ∆xmin away from the surface,
the entropy of the surface changes by one fundamental unit ∆Sθ. In other words, due to
existence of a minimal length, ∆xmin, there is a minimum change of entropy as ∆Sθ. A
general displacement ∆x then results in a change in entropy as equation (7), where ( ∆x
∆xmin
)
is an integer number.
Secondly, on the surface Ω the unit surface is θ. So the number of information bits is
N =
AΩ
θ
. (8)
Using these assumptions, the entropic modification to Newton’s law has been derived in [10]
as
F =
Mm
r2
(4c3θ2
h¯α2
)[ c3
4h¯G
+
∂s
∂A
]
(9)
where α is defined as
α =
8π∆xmin
λm
. (10)
For the entropic force in (9) to coincide with the Newton’s law, we should set the noncom-
mutative parameter θ as θ = αl2p. Doing this, the modified Newton’s law reads
F =
GMm
r2
[
1 + 4l2p
∂s
∂A
]
, (11)
which coincides with the Newton’s law to the first order. One should note that the second
term in the bracket is a quantum correction which arises when one considers quantum gravity
corrections to the entropy-area relation [11]. If we neglect the quantum effects, the second
term in (11) vanishes.
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With the same assumptions, the temperature of the noncommutative holographic screen
will be [10]
T =
M
r2
θc2
2πkB
. (12)
From this equation, it is obvious that a noncommutative manifold is equivalent to a ther-
modynamical system whose temperature is given by the above relation.
To obtain the explicit modification of Newton’s law caused by entropic corrections, we
should have the specific entropy-area relation in eq. (11). To achieve this goal, we use the
coherent state picture of noncommutativity first proposed in Ref. [12] as our underlying
microstructure of a quantum spacetime. This approach eliminates point-like structures in
the favor of smeared objects. Using this approach for obtaining the entropy/area relation
with the help of black hole thermodynamics, the modified Newton’s law has been derived in
Ref. [10] as
F =
GMm
r2
[
1 +
Γ(3/2; (r2/4πθ))
γ(3/2; (r2/4πθ))
]
(13)
where Γ(3/2; (r2/4πθ)) and γ(3/2; (r2/4πθ)) are incomplete upper and lower gamma func-
tions respectively. In the low energy or large distance limit( r ≫ θ ), this reduces to
F ≃ GMm
r2
[
1 +
re−r
2/(4αl2p)√
παlp
+
r2e−r
2/(2αl2p)
2α
√
πl2p
]
. (14)
In the next section we will use this modified force to obtain the cosmological dynamics of
the universe using the approach of Newtonian cosmology.
3 Cosmological dynamics
To obtain cosmological dynamics in this scenario, we assume that the background spacetime
is spatially homogeneous and isotropic and is given by the Friedmann-Robertson-Walker
(FRW) metric
ds2 = hijdx
idxj +R2
(
dϑ2 + sin2(ϑ)dϕ2
)
, (15)
where i, j = 0, 1. We consider a region of spacetime with volume V with a compact boundary
surface S. The region is a sphere with radius R = a(t)r where r will remain constant during
expansion. Because of the spherical symmetry, this boundary is an equipotential surface
such that we may treat it as a holographic screen. Now we assume that in the Newtonian
cosmology the background spacetime is Minkowskian. For this region the apparent (Hubble)
horizon will be at R = 1/H . So, we assume that in this setup the holographic screen is at
the apparent horizon R = 1/H for a flat spacetime. A similar approach could be found in
references [4,5,13]. Based on this argument, the dynamical apparent horizon, a marginally
trapped surface with vanishing expansion, is given in a FRW background by
R = ar =
1√
H2 + k/a2
. (16)
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We assume also that matter source in the FRW universe is a perfect fluid with stress-energy
tensor
Tµν = (ρ+ p)uµuν + pgµν . (17)
The system also obeys the usual continuity equation as
ρ˙+ 3H(ρ+ p) = 0 . (18)
With these assumptions and using the modified force (14), now we find the acceleration
equation following the procedures of Newtonian cosmology. We consider a region of space-
time with volume V with a compact surface S. The region is a sphere with radius R = a(t)r
where r remains constant during expansion. Applying Newton’s second law and using the
force as given in (14) for a test mass near the surface S, we get
F = ma = mR¨ = mra¨ = −GMm
r2
[
1 +
re−r
2/(4αl2p)√
παlp
+
r2e−r
2/(2αl2p)
2α
√
πl2p
]
. (19)
Given that ρ =M/V and V = 4
3
πa3r3, equation (19) can be rewritten as
a¨
a
= −4πG
3
ρ
[
1 +
Re−R
2/(4αl2p)√
παlp
+
R2e−R
2/(2αl2p)
2α
√
πl2p
]
. (20)
To obtain the correct Friedmann equation of the model, we note that it is the active grav-
itational mass M in the spatial region V rather than the total mass M that produces the
acceleration [4]. The active gravitational mass or Tolman-Komar mass [14], is defined as
M = 2
∫
dV (Tab − 1
2
Tgab)u
aub = (ρ+ 3p)
4
3
πa3r3 (21)
Replacing M with calM in (19) we get
a¨
a
= −4πG
3
(ρ+ 3p)
[
1 +
Re−R
2/(4αl2p)√
παlp
+
R2e−R
2/(2αl2p)
2α
√
πl2p
]
. (22)
Using the above acceleration equation and the continuity equation (18), we find the Fried-
mann equation as follows
H2 +
k
a2
=
8πG
3
ρ
[
1 +
Re−R
2/(4αl2p)√
παlp
∫
d(ρa2)
a2
+
R2e−R
2/(2αl2p)
2α
√
πl2p
∫
d(ρa2)
a4
]
. (23)
If we assume a constant equation of state parameter, then the energy density will be
given by ρ = ρpa
−3(1+ω) where ρp is an integration constant corresponding to present value
of the energy density. In this case the integrals in Friedmann equation (23) can be solved
analytically to find
H2 +
k
a2
=
8πG
3
ρ
[
1 +
(1 + 3ω)
3(1 + ω)
√
π θ
Re−
R
2
4θ +
(1 + 3ω)
(5 + 3ω)
√
πθ
R2e−
R
2
2θ
]
. (24)
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The existence of exponential terms in the acceleration equation has interesting conse-
quences at very early times in the inflation era. First of all, it should be noted that the
terms in the brackets of equation (24) ( and similarly in equation (22)) are positive for
ordinary matter fields, so we still need ρ + 3p < 0 to have inflation. Fortunately, noncom-
mutativity provides the negative pressure needed for a successful inflation. To examine this,
we use a newly proposed model for noncommutative inflation introduced in [15]. The basic
idea is that the initial singularity is smeared due to spacetime noncommutativity. One could
split the energy density on any hypersurface as [15]
ρ = ρ0e
−|T |2/4θe−|
~X|2/4θ (25)
where R2 = T 2+ | ~X|2 and T = it is the Euclidean time. From one hypersurface to another,
the ~X-dependent part of ρ does not change, so it can be included into ρ0. Therefore, one
could write the energy density of the smeared initial singularity as [10]
ρ(t) = ρ0 e
−t2/4θ . (26)
Using equation (16) for apparent horizon R, the Friedmann equation (22) could be solved
analytically to obtain the scale factor a(t) as
a(t) ≃ exp
[
4
3
π
√
3Gρ0 θ erf(
t
2
√
2θ
)
]
+
e
t
2
√
2θ
256
√
πθ2
[√
2π
8
t5e
t
2
√
2θ θ−5/2+
25
64
Ei(1,
t
2
√
2θ
)t4e
t
2
√
2θ θ−2+
7
8
t2
θ
+
7
√
2
32
t3
θ3/2
+
t
√
2
2
√
θ
+6
]
, (27)
where Ei(a, z) is the exponential integral defined as Ei(a, z) = za−1Γ(1− a, z).
Using the continuity equation (18), pressure is given by
p = ρ0 e
− t
2
4θ
{
16384
√
πtθ5 exp
[
4
√
3
3
π
√
Gρ0 θ erf(
t
2
√
2θ
)
]
+e
t√
2θ
[
8
√
πt6
√
2θ+25 t5θEi(1,
t
2
√
2θ
)
]
+e
t
2
√
2θ
[
164 t3θ2 + 14 t4θ3/2
√
2− 384 θ3t− 304
√
2t2θ5/2
]
−65536 π
√
3
√
Gρ0 θθ
11/2 exp
[ 1
24
(−3t2 + 32π
√
6
√
Gρ0 θ erf(
t
2
√
2θ
)
]
− e t√2θ
[
240
√
2π θ3/2t4
−48θ t5√π − 600θ2Ei(1, t
2
√
2θ
)t3 − 75
√
2t4θ3/2Ei(1,
t
2
√
2θ
)
]
−768 e t2√2θ θ7/2
√
2
}
×θ−1×
{
65536 π
√
3Gρ0 θ exp
[ 1
24
(−3 t2 + 32 π
√
3
√
Gρ0 θ erf(
t
2
√
2θ
))
]√
2θ9/2
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+e
t√
2θ
[
240
√
2πθt4 + 48 t5
√
π + 600 θEi(1,
t
2
√
2θ
)t3 + 75
√
θEi(1,
t
2
√
2θ
)t4
√
2
]
−e t2√2θ
[
108 t3θ + 768 θ2t + 336
√
2t2θ3/2 + 768
√
2θ5/2
]}−1
. (28)
And the equation of state parameter will be
ω = −
{
−16384√πtθ5 exp
[4
3
π
√
3Gρ0 θ erf(
t
2
√
2θ
)
]
−8 t6
√
θ
√
2e
1/2 t
√
2√
θ
√
π−25 t5θEi(1, t
2
√
2θ
)e
t√
2θ
−e t2√2θ
[
164 t3θ2 − 14
√
2t4θ3/2 + 384 θ3t+ 304
√
2t2θ5/2
]
+65536
√
2πθ11/2
√
3Gρ0 θ exp
[ 1
24
(−3 t2 + 32 π
√
3Gρ0 θ erf(
t
2
√
2θ
))
]
+e
t√
2θ
[
240 θ3/2t4
√
2π + 48 θ t5
√
π + 600 θ2Ei(1,
t
√
2
4
√
θ
)t3 + 75
√
2θ3/2Ei(1,
t
2
√
2θ
)t4
]
+768
√
2e
t
2
√
2θ θ7/2
}
×θ−1×
{
65536 π
√
3Gρ0 θ exp
[ 1
24
(−3 t2 + 32 π
√
3Gρ0 θ erf(
t
2
√
2θ
))
]√
2θ9/2
+e
t√
2θ
[
240
√
2πθt4 + 48 t5
√
π + 600 θEi(1,
t
2
√
2θ
)t3 + 75
√
2
√
θEi(1,
t
2
√
2θ
)t4
]
−e t
√
2
4
√
θ
[
108 t3θ + 768 θ2t+ 336
√
2t2θ3/2 + 768
√
2θ5/2
]}−1
. (29)
Although these equations have very complicated form, the physical implications of them are
very simple. In figure 1 we show variation of pressure and the equation of state parameter
with the cosmic time in the early stages of the universe evolution. The pressure is negative
which provides the condition for a successful inflation. Also the plot of equation of state
parameter versus the cosmic time shows an accelerating behavior ( ω < −1
3
) in early stage
of the universe evolution.
4 Perturbations
The perturbed flat FRW metric in the longitudinal gauge has the form
ds2 = −(1 + 2Φ)dt2 + a2(1− 2Ψ)γlmdxldxm (30)
7
Figure 1: a) Evolution of pressure in a noncommutative spacetime with entropic gravity. The
pressure is negative which provides the condition for a successful inflation. b) Evolution of the
equation of state parameter in a noncommutative spacetime with entropic gravity. Evidently, this
model gives an accelerating behavior ( ω < −13) in early stage of the universe evolution.
where γlm is the Euclidian metric and l , m = 1, 2, 3. Generally, the perturbations are
described by Φ (the Bardeen potential) and Ψ, which both are functions of space and time.
Nevertheless, in the absence of noncommutative stress one could set Φ = Ψ. The perturbed
Einstein equations are
3H(HΦ+ Ψ˙)− 1
a2
∇2Ψ = −4πG δρ (31)
HΦ + Ψ˙ = −4πG δq (32)
Ψ¨ + 3HΨ˙ +HΦ˙ + (2H˙ + 3H2)Φ− 1
3a2
∇2(Ψ− Φ) = 4πGc2s δρ (33)
where δT 00 = −δρ, δT 0i = δqi , δT ij = c2sδρδij and cs is the speed of sound given by c2s = p˙ρ˙ .
Vanishing of the anisotropic stress means that we can set Φ = Ψ in which case. Then,
equations (31) and (33) could be combined to give a single equation for the evolution of
metric potential Φ in the momentum space
Φ¨k + (4 + 3c
2
s)HΦ˙k +
(
k2c2s
a2
+ 2H˙ + 3H2(1 + c2s)
)
Φk = 0 . (34)
Using the metric potential Φ , the power spectrum at the time of Hubble crossing , k = aH
then is given by
PΦk =
k3
2π2
〈Φ2k〉 . (35)
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The curvature perturbation on slices of uniform energy density, ζ , can be calculated from Φ
using the relation
ζ ≡ Φ− H
H˙
(Φ˙ +HΦ) . (36)
Using equation (26), the explicit form of the Hubble parameter in this model is
H =
1
6
{
65536 π
√
3Gρ0 θ exp
[ 1
24
(−3 t2 + 32 π
√
3
√
Gρ0 θ)erf(
t
2
√
2θ
)
]√
2θ9/2
+e
t√
2θ
[
240
√
2π
√
θt4 + 48 t5
√
π + 600 θEi(1,
t
2
√
2θ
)t3 + 75
√
2θt4Ei(1,
t
2
√
2θ
)
]
−e t2√2θ
[
108 θ t3 + 768 θ2t + 336 θ3/2t2
√
2 + 768 θ5/2
√
2
]}
× 1√
θ
{
16384 θ9/2
√
π exp
(4√3
3
π
√
Gρ0 θerf(
t
2
√
2θ
)
)
+8t5
√
2e
t√
2θ
√
π+25Ei(1,
t
√
2
2
√
2θ
)t4e
t
2
√
θ
√
θ
+e
t
2
√
2θ
[
56 t2θ3/2 + 14 t3
√
2θ + 384 θ5/2 + 32 t
√
2θ2
]}−1
. (37)
Given the extremely complicated form of the Hubble parameter and the speed of sound,
equation (34) cannot be solved analytically. Instead, we have done a numerical analysis and
plotted the evolution of the metric potential Φ and curvature perturbation. To doing so,
we have used the values θ = 10−40cm and ρ0 = 10
26. Figures 2 and 3 are results of our
numerical analysis. The crucial test for any inflationary model is their ability to produce
almost scale invariant spectrum of scalar perturbations. As it has been shown previously
[16], noncommutativity generates a small deviation from scale invariance in inflationary
scenarios. Also it is expected that nongaussianity should be greater in these models than
the usual inflaton field models [17]. To be a realistic model of the early universe and also
to test whether or not our model is consistent with recent observational data, we define the
slow-roll parameters as usual
ǫ ≡ − H˙
H2
η ≡ ǫ˙
Hǫ
. (38)
We assume also that as usual the scalar spectral index is given by the following relation
ns − 1 ≃ −6ǫ+ 2η. (39)
Evolution of the slow roll parameters ǫ and η versus the cosmic time are given in figure
2 (left panel). Both parameters are small at the time of inflation, leading to an almost scale
invariant, slightly red tilted spectrum as depicted in the right panel of this figure. Also figure
3 gives evolution of the metric potential Φ (dashed line) and curvature perturbation ζ ( solid
line) versus the cosmic time. ζ is almost constant at the end of inflation while Φ approaches
order of unity at that time. We note that our adopted value of ρ0 = 10
26 is chosen so that
a sufficient number of e-foldings to solve standard model problems is guaranteed.
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Figure 2: a) Evolution of the slow roll parameters ǫ (solid line) and η (dashed line) versus the
cosmic time. Both parameters are small at the time of inflation leading to an almost scale invariant
spectrum. b) Evolution of the scalar spectral index versus the cosmic time. Due to value and sign
of slow roll parameters, ns derives towards unity at the end of inflation and is slightly red tilted.
Figure 3: Evolution of the metric potential Φ (dashed line) and curvature perturbation ζ (solid
line) versus the cosmic time. ζ is almost constant at the end of inflation while Φ approaches order
of unity at that time.
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5 Conclusion
The relation between spacetime noncommutativity and thermodynamics has been known
previously and specifically blackhole thermodynamics in noncommutative spaces has been
studied extensively [18]. Noncommutativity encodes microscopic degrees of freedom of the
quantum spacetime and in this sense, a noncommutative manifold will be equivalent to a
thermodynamical system with a temperature given by noncommutative parameter θ. Con-
sidering these facts, it seems that there is a deep connection between noncommutativity
and thermodynamical description of gravity proposed by Verlinde. Furthermore, both these
theories rely on the existence of a fundamental unit of length (Planck or string length) and
are similar in this respect too.
Generally it is believed that cosmic microwave background embodies the effects of trans-
Planckian physics [19-25]. Noncommutative inflation is a process which imprints these effects
to CMB, so there have been various attempts at constructing noncommutative inflationary
models to test the results against observations of CMB. One approach is to use relation (5)
for space-space coordinates [19,20,26,27] and to construct a noncommutative field theory
on the spacetime manifold by replacing ordinary product of fields by Weyl-Wigner-Moyal
∗-product. Another approach is to incorporate the fundamental noncommutativity of space-
time into inflationary models via a generalized uncertainty principle (GUP)[28] (see also
[16]). Coherent state picture of noncommutativity also has been used to construct inflation-
ary models in both 4D and extra-dimensional scenarios [15, 29].
In this paper we used the coherent state picture of noncommutativity to determine the
explicit entropy-area relation in order to determine modified Friedmann equation in a uni-
verse governed by entropic gravity. In this setup, negative pressure of noncommutative
energy density in very early universe derives it toward an inflationary era. The dynamics
of this inflationary epoch and generation of scale invariant scalar perturbations have been
studied. In this model, the slow-roll parameters are small at the time of inflation, leading
to an almost scale invariant, slightly red tilted spectrum.
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